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I Overview

Review 2B-lattice: [Briceno]
Reviews 3B-lattice: [Hansen] [Mai]
Review hadron resonances: [Mai]

(Key publications Finite-Volume Unitary (FVU) approach:\

« Three-body unitarity [Mai/JPAC]
« Three-body unitarity finite volume [Mai]
\* apin finite volume & results from |QCD [Mai]

J
Galk outline: N
» 3-body unitarity
* a4 in infinite volume
e 3m*, a; in finite volume

\.* Recent extensions: channel space & applications
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W Grant No. PHY 2012289 5

J (Design: Y. Feng, based
on TV series logo)
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GW
Three-body aspects: N vs. i

Light mesons

GL%‘/\?‘;’? | * COMPASS @ CERN: m;(1600) discovery
Pe,,

Ny * GlueX @ Jlab in search of hybrids and exotics,
* Finite volume spectrum from lattice QCD:

oy Lang (2014), Woss [HadronSpectrum] (2018)
Horz (2019), Culver (2020, 21,...), Fischer (2020),
~T Hansen/HadSpec (2020),...

N Light baryons
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N*(1440)1/2*

N

* Roper resonance is debated for ~50 years in

experiment.
5 0 * 1St calculation w. meson-baryon operators on

e n the lattice: Lang et al. (2017)



I How Many Resonances Decay to 3 Particles?

Just one sub-family of resonances (N*):
N Baryons (S=0, 1 =1/2)

p

n

N(1440) 1/2+
N(1520) 3/2-
N(1535) 1/2-
N(1650) 1/2-
N(1675) 5/2-
N(1680) 5/2+
N(1700) 3/2-
N(1710) 1/2+
N(1720) 3/2+
N(1860) 5/2+
N(1875) 3/2-
N(1880) 1/2+
N(1895) 1/2-

stable
“stable”

PDF

PDF

N(1900) 3/2+
N(2000) 5/2+
N(1990) 7/2+
N(2040) 3/2+
N(2060) 5/2-
N(2100) 1/2+
N(2120) 3/2-
N(2190) 7/2-
N(2220) 9/2+
N(2250) 9/2-
N(2300) 1/2+
N(2570) 5/2-
N(2600) 11/2-
N(2700) 13/2+

N(3000 Region)

>3-body decays

> 3-body decays
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Number of states
With only two-
body decays in
this sub-family:
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I >2-body meson decays

................ e N
unflavored mesons
o Decays almost 100% to
3 pions (decay to 2
ol pseudoscalar mesons
forbidden)
> 300}
2
200+
]00:
| w | |
B T < ! Almost stable; lattice results

& chiral extrapolation
[Yan, Mai et al., 2407.16659 ]
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https://arxiv.org/abs/2407.16659

I Three-body unitarity with isobars * [Mai 2017]
<Q17QQ7Q3|(T_TT)|p17p27p3> — ifP<Q17Q27Q3|TT|k17k27k3><k17k27k3|T|p17p27p3>
3 d4k£ 3
9 +/(1.2 2 2 4 ¢4 P —
X EE[l [(27’(')4( 7 )0 (kﬁ m )] ( 7T) 0 < Ez:; k€>

delta function sets all intermediate
particles on-shell

fldea: To construct a 3B N

amplitude, start directly from
unitarity (based on ideas of
60's); match a general

\amplitude to it )

* “|sobar” stands for two-body sub-amplitude which can be resonant or
not; can be matched to CHPT expansion to one loop if desired. Isobars
are re-parametrizations of full 2-body amplitudes [Bedague] [Hammer]



https://inspirehep.net/literature/1606089
https://inspirehep.net/literature/504210
https://inspirehep.net/literature/1609072

I Three-body unitarity

<Q1,Q2,Q3|(z—TT)|p1,p2,p3> = i [p{q1,q2,q3|T" |7€1,k2,7€3>(/€1,k2,k3|T|p1 P2,D3)

B < o
OB DIBGN

General Bethe-Salpeter Ansatz for the

isobar-spectator interaction

— B & t are unknown functions to be obtained by matching
To right-hand side.

The three-pion state is
populated by first combining

two states to an “isobar”, and
then adding the third
“spectator”




I Three-body unitarity

<Q17Q27Q3|(T_TT)|pl7p27p3> — ifP<Q17Q27Q3|TT|k17k27k3><k17k27k3|T|p17p27p3>

i I~

— N .
5) < 5) \5) General connected-disconnected structure
T

X

(o7 0
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® ®
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I Three-body unitarity

(a1, a2, a3/ (T=T1)|p1, p2. ps) = i [p(q1, q2, g3 T k1, ko, k3) (K1, k2, k3| T |p1, pa, p3)




I Three-body unitarity

(@1, 92, 3| (T—=T1)|p1,p2, p3) = i o, qo, q3|Tt|ky, ko, ks) (K1, ka2, k3|T|p1, D2, ps)
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I Three-body unitarity

<Q17Q27Q3|(T_TT)|pl7p27p3> - ifP<Q17Q27Q3‘TT|k17k27k3><k17k27k3|T‘plap27p3>
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I Three-body unitarity

(91,92, 3|(T=TN|p1,pa,p3) = i [p{q1,q2,q3|TT |k, ka2, kz) (For, ko, k3| T |p1, p2, pa)

General BSE (T=B+B1T)
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Resulting scattering equation

* 4-dim BSE becomes 3-dim by putting spectator on-shell (choice)

(0 7)) = {al BGs) o) + O o) + [

T

}TY:XHYJXJ%T_

Exchange:

Complex
Required
by

unitarity

d*k
(2m)*

Contact term:

* Does not destroy
unitarity

* Free parametrization:

fit to data

(gl (B(s) + C(s)) [k) T(a(k)) (K[ T(s) [p) ,

Isobar-
spectator
Green’s
functions

13



GW
The a4(1260) and its Dalitz plots

[Sadasivan 2020]

e Disconnected and connected decays for three-body untarity

a1(1260) . N T T

Additional fit parameters

WO Xl



https://inspirehep.net/literature/1782971

GW

Fitting the lineshape & predicting Dalitz plots
[Sadasivan 2020]

* One can have mp in S- and D-wave coupled channels

* Fit contact terms to the lineshape from Experiment (ALEPH)

ap — 7w wt (symmetrize 7 ’s!)

0.25F Total T
S o Vs =13 GeV

= 020} S — wave g
E | . |
~ 0.15} ]
= ] +
=, : ] Aic e
o 010f ] p re i kS

0.05 f & —g L;’-?o)

0.6 0.8 10 12 14
Vs [GeV] 0o3

Where is the resonance pole in s? Pole positions & residues are reaction-
independent characteristics of resonance mass, width, and branching ratios


https://inspirehep.net/literature/1782971

I Result: Pole position:

[Sadasivan (2021)]
[Doering (2009)]

Technicalities analytic cont.:
contour deformation

g ~02 = -
% Chosen path
g -03 artifacts
0.10
0.4
0.15
0. ; MR L L
0.8 0.9 1.0 1.1 1.2 1.3 1.4 = om0
Re /s [GeV] %

Technical
challenges
from 3B cuts

If the B-term is
neglected + refit
(unitarity violated)

See also: S. M. Dawid [ 2303.04394 [nucl-th]]

e Pole prediction

o Pole prediction (no B)
o Resampled pole positions

[[1 PDG average

[1 JPAC2019

[ Statistical confidence region
[[] Systematic confidence region

1~ [JPAC/Mikhasenko]

e Pole prediction (Dispersive fit) ]

Re /s [GeV]

16


https://inspirehep.net/literature/1696497
https://inspirehep.net/literature/1985644
https://inspirehep.net/literature/816278
https://arxiv.org/abs/2303.04394
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GW
I Finite-Volume Effects

A wave function is squeezed

into a finite volume
[https://blogs.gwu.edu/doring/]

Distortion of the energy
spectrum as function of box size

...........................

V/m
e e AN

xr-m
FEy(ana.)/m = 1.0 ) ::';'Jl\‘
0-8_' Ej(num.)/m = 1.1 Yo (ana.)
 L-m =26 ‘ ~ o (num.) .
0.6-_ _ om
oal ] /Periodic Boundary Conditions \
02 _ U(Z) = U(Z + & L) = exp (i L ¥(2)
| : " ' 2T
0-0-', o , _____________ - 1 ....... ! QG = T ni, N € 7
-3 ) -1 0 1 2 3 :
only discrete momenta allowed




I Lattice QCD: Finite-volume unitarity (FVU)

Two-body unitarity Three-body unitarity

On-shell condition On-shell condition

==

\ A4

Imaginary parts Imaginary parts

below thresh. abovethr!!hold i
= . . - ! 4
Infinite |

' - Fin. Vol L\\ //f

-
<~

\\\ N
4 [
'
1

I

1 1

Power-law fin-vol. effects

Power-law fin-vol. effects

Liischer Quantization Condition
2E, L3

¥(s)

pcot §(p) = —8my/s (G(E) — Re G(E))

Det <BEISIS// (Wz) + Ts (W2)_léss’5uu’> =0

18
[Review Mai et al.]



https://inspirehep.net/literature/1849284
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5 Unitarity shows in FV spectrum: 3™

[GWQCD/Culver 2019]
5ol * D-wave prediction qualitatively good
' . —Q----- — Relative/absolute strength between
D o Q> N S- and D-wave matched
___}C):@: }%\(\\ oD — Consequence that 3-body interaction
4 5'_ K dominated by exchange
e = — Consequence of 3-body Unitarity
S
S
Y ] * Three-body unitarity directly visible
S 40k 1 Horz, Hanlon in the eigenvalue spectrum of lattice QCD
) Prediction from 2-body input (GL)
-~ "7 Non-interacting * Many additional levels, including boosts
(not shown)
3.5+
_ &
\
3.0k - }(o\(\
Ar(0) E,(0)

S D (lowest participating wave)



https://inspirehep.net/literature/1766164
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I Extraction of a,(1260) from IQCD

[Mai/MD/GWQCD, PRL 2021]
* First-ever three-body resonance from 15t principles (with explicit
three-body dynamics).

Finite-volume lattice energy eigenvalues
QCD spectrum
v 5} : v
a0, .
s S H 3-body quantization volume-independent
o conditions quantities
i) ;
4‘3% E ) = GWQCD v
2 [ S 1 - o~ det Q> T0 =1 Riemann Surface:
461 11 . .
ol scattering amplitude
0 5 10 15 i I I I :
_20_
I=1,1=1
3.0t E —40
2.5} 42 44 46 48 50 3; 60
2.0 Vs [ma] |
—80}

oM [rad]

1.5
-100
1.0} /

osl 2-body IQCD input 800 900 1000 1100 1200 1300
"»’/ Re s/2(MeV]
0.0 "



https://inspirehep.net/literature/1879418

I Results - overview

\ \\\\
\ .\\%
\\§

\

p=r--T
A}

Meani=p

‘ / T T T
|

| B GWQCD
| = —

||| — det g*=Te =1 /1l

= K, (00) =0

50}

— 100}

— 150}

PDF for pole when using 2B
Breit-Wigner assumption

\ 4
#24:
| .
7100 1200 1300

Re Vs [MeV]



Branching ratios

e Calculate the residue at the
pole:

Res(Ty,(v/8)) = G ge

* This result is not as reliable as
pole position/existence of a;

* More energy eigenvalues
needed to better pin down
the decay channels

GW

“Branching ratios” in 3B decays
are momentum -dependent,
complex pole residues
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I Coupled-channel, unitary amplitudes

[Feng, Gil, Molina, Mai, Shastry, Szczepaniak, MD, PRD '24]

* Coupled-channel, coupled-partial wave amplitudes
* Unitarity manifest

« In-flight transitions of isobars: 7w <> KK

* All isospins: T =0, 1/2, 1,3/2, 2

* All subsystems up to P-wave, including fy(500), p, fo(980), K*, k

* Example:

£,(500) < £,(980) \

/ a,(1260) \

/ 23



https://inspirehep.net/literature/2811005

I Channel space

GwW

Isobar (S, I1) (1,1) (1,1/2) (0,0) (0,2) [(0,/2){(0,3/2)
HB basis (11 Ch.)| mwpa=+1,0 KK _110 o m(KK)s T2 Kk |K(mK)s
JLS basis (9 Ch.) (Wp)s‘(ﬂp)p (KK*)S‘(KK*)D (no)p |(m(KK)s)p|(nm2)s | (KK)s|(K(nK)s)p

B- ’ %P3_p,+ pé ép +...
P;—p P !

) P £(500)/£,(980)
n
9 T
= + ™ +..
%) T

« Scattering matrix dimensions:
Spectator momentum & JLS channels ® isobar channels 2



I Two-body input

50 [deg]

NU
9 0. KK7w [d f‘g]

0

. 0,7 250 0y 1o rer |deg]
200
200 | f0(980)
O 150 f
100 b
100 F O-
50 f
ot . . . . . . . . . .
400 600 800 1000 1200 1000 1050 1100 1150 1200 0F . . . . . .
/o [MeV| /7 [MeV] 700 800 900 1000 1100 1200 1300
oy / <0
3 1y ldeg] (1—n02)/4 . 8%, kr deg]
_5 -
_10 .
-15
-20
_25 -
_30 -
_35 .
460 660 560 1060 12b0 0.00 10'00 10I50 nbo 11‘50 12'00 =30 = . ‘ 5 : )
700 800 900 1000 1100 1200
/7 [MeV] o [MeV] /o [MeV|
ol el
8}, 7 [deg] 81 1 gcr |deg]
150 + 150
100 | 100 |
.
p(770) K*(892) Notation:
50 | 50 - _
07, t€{mm, KK, K}
o, . . , , . . 0 ;i . . . )
500 600 700 800 900 1000 1100 700 800 900 1000 1100
Vo [MeV] /o [MeV]
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I How to solve the scattering equation

271‘)3 2El

A
~ s di 12 NS
Tji(s,p',p) =|Bjils,0',p) + Cji(s, 0, p +/ Bjr(s,p',1) + Cjr(s, 7, l)) Fr(01) Ths (s, 1, p)
0

* Three-bodyv cuts

, -, (Ir)ji v (0, P —p —p')oi(p/, P —p — )
D D Bji(s,p',p) = —
2Ep +p(V's — Ep — Ep — Epryp) + i€

« Angle, energy dependent :
* Dependalsoonp’andp 0.5:—
« Solve LSE for complex

i GRS S5 .
momenta on a deformed | (7 + 03) .
contour “osf

Ry S 4"

Im p [m,]
(=]
O

—1.0

....................

-15



q /mx

GW

How to get the solution for real, physical
momenta o f3ms = T8, [y =001

(2mg + my)/my; = 3.6

—_—
S W

« No solution for real momenta
in“critical region”

Imp/m,
|

o o o
n o W

'Q\

i
=
(=

-1.5¢
-2 -1 0 1 2

F———— 13 Rep/m
3.5 - 2mi + my E . . .
il -(\ | Solution 1: Contour deformation [Cahill & Sloane]

. §3m,T 7~ it \/ L5 N ———— -

25 5 Unphyvsical ‘h —', ] Biicnfo (4 ), Vs =T.6myg, ¢ =34me, mg = 1.2m,

E Jnphaysica Clltl('(ll E
2.0F \/ :
1.5 - ‘™! / Physical -
1.0 LT . £

[ (mg =1.2m,) E)
0.5F ]
0.05_ Re p 3

3 4 5 6

27

Rep/mx
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How to get the solution for real, physical
momenta

Solution 2: Direct inversion [Ziegelmann et al.]

_ A 2
. d 2 g -
Production I'7(s,q') = Dj(s,q') +/0 1L Bji(s,q,q) 7:(0(a)) T (s, )

amplitude (2m)%2E, z
) N rild — a5)
Ansatz F7(q) ~ S F7(q) Hi(q)  with Lagrange polynomials Hi(g) = 10— %
P Hj;éz'(qz' - qj)
Makes integral equation a I7(g;) = D(g;) + A;:T7 (q)

matrix equation

~

. . A dg g .
With singular integrals  4;; = /0 (2r)32E, B(g;,q) 7(o(q)) Hi(q) -

... for which many established algorithms exist
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I Production amplitude 9-channel model

(Only the (non-trivial) rescattering piece) 3m. < W < 2mip + mn
3 .
ot (mp)p
1.
0
j : t t t t :- -1t - — itttk SR
o) p 0.5} o \
r % S 0.0-(1\1\ )s ;
1 -05}
-1.0}
1.5}
20
0.002f
0.000 0.02¢ 0.00
0.002} 0.01¢
0.004} ;000 | ool
0.006} § 001} ] -0.02}
0.008} { -0.02 '
R 03
05 10 15 20 25 05 10 15 20 25 05 10 15 20 25

q'[m;] q' [m] q'[m;]

Dashed lines: with tp switched off (influence of coupled channels)
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I Future applications: Line-shape modifications

Lineshapes in the analysis of experimental data (COMPASS)

10° 070" [l . 7 S Predicted line-shape
= 0.194 < 1' < 0.326 (GeV/c)? modifications by three-
Q 2 .
> 1.66 < my, <1.70 GeVie . body corrections and
2 02l 2b lineshape coupled-channels:
= 0 extracted from 3b X '
g Qfo(980) lineshape

0.1_— jﬂ COMPASS (mp)s

fo(500) ¢+ “freed isobar”

s s 2 o
(a) m,.. [GeVic?] =

[Phys. Rev. D 95, 032004 (2017)]

Moy (M
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Triangle singularities (TS)

* Triangle singularities are three-body singularities happening in the
physical region, while isobar & spectator are also “on-shell”

K~ K Q Notation: K can
C:( also stand for K
T
K
T
Jfo

* How does re-scattering affect triangle singularities?
* Rather small effects [Sakthivasan, Mai, Rusetsky, M.D., arXiV: 2407.17696]

« Quantitative results under way: Unified description of
a(1260) and a,(1420) as resonance + TS
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Triangle singularities at thresholds (1)

[Khemchandani, Martinez, MD, in progress]

* The K(1460) resonance from Kfy(280) and Kay(280) channels

K « Molecular state? [Albaldejo et al., 2010; Martinez et al., 2011]
Clo/fo

K « At zero ag, fo widths, “molecular "bound state with

ao/ fo Eg=0.5MeV is found “dynamically generated”
[Zang, Hanhart et al., EPJA 2022]

K

Preliminary findings: Eg=0.5MeV confirmed. Once isobars have width, an
interplay of real thresholds, complex thresholds, triangle singularity, and a
molecular state arise.

Ma, = M, = 2MEK
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Triangle singularities at thresholds (2)

[Khemchandani, Martinez, MD, prelim]

e |[sobars with almost zero width

(Xfys Xag) = (0.2,0.2), /s (K*) = .0iMeV; s (fo) =982.0-0.41 MeV; s (ap) =972.1-8.21i MeV; (n
3K | ~ 60F
Kf,(980) — 0
Il 40f
C\l'\ 30- =
Es 0f 7
T 10F :
| (1] LB, L@, . . e
B e 1470 1475 1480 1485 1490 1495 1500 1505
1470 1475 14380 1485 1490 1495 1500 150
M
° /5 [MeV] Vs [MeV]
* Isobars with full width: Only the TS survives; K* pole disappears
s . = s ol Js (fy) =988.1-17.41i MeV; /s (ap) =982.3-53.61 MeV; (
' | 70F T ' ' ' ' ' 1
3K o 60F f"’ AA"‘;K
]‘ 50F ;
Kf,(980) ~ 0
Ql: 30F
E:: 20f
(K*) — 10}
0 S & P

| 1470 1475 1480 1485 1490 1495 1500 1505
1470 1475 1480 1485 1490 1495 1500 150!



== | GW

Summary \

e Lattice QCD progress in determining the explicit dynamics of
three-body systems:
* Three pions at maximal isospin well understood (FVU, RFT, Peng Guo,...)

* First determination of existence and properties of a three-body resonance
- the a4(1260) - in coupled channels by FVU, recently: o

» Outlook: More (isospin) channels; other physical systems
« Channel extension for strangeness with many applications
 Data analysis (GlueX, Compass, Amber, ?)

« Dynamical generation of resonances, kinematic effects (triangles),
complex branch points: Unified treatment seems possible.

e Otherideas?

[ THANK YOU VERY MUCH FOR HOSPITALITY, INTEREST & ATTENTION J
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I Scattering amplitude

3 — 3 scattering amplitude is a 3-dimensional integral equation

U Yo\ Yo\ v v U
{2
= ~

_ - /

>‘=®@7@—<=>‘®=B§+>‘@B: T@ LS-type

« Imaginary parts of B, t - are fixed by unitarity/matching

* B, S are determined consistently through 8 different relations

) (EQ — \/m? —|—Q2>

Matching 2 Disc B(u) = 2mi)\?
() 2,/m2 + Q2 Q + \\“

un-subtracted dispersion relation

2
B(s = — A +C
B =~
« one-mexchange in TOPT — RESULT, NOT INPUT ! § C{ \E %
* One can map to field theory but does not have to. ' Y !

Result is a-priori dispersive. Add. Steps to map to theory
might be needed [Brett (2021)]



https://inspirehep.net/literature/1841349

GW

Details: Solving the scattering equation at

complex momenta

10 [ T T T T N RRC| T T T T T r
[ LA
0.5} T
[ ‘FS
I 1’\
- 0.0 5 \“ / Ep’+p -
',_'7 '
= o5k —?
- Lo B8 Vs = (4.5 +00)m,
v,
:'-‘f.‘}?
Y
_2'0 PR e e | Il LU W PR, s T o TP BRSPS
-05 00 05 10 15 20 25 3.0

Rep' [m.]

1

/ —
f(p,p)_\/—_Ep_Ep/_Ep_{_p/—f—if

» Avoid vanishing
denominator at

px(p? — a?) + (1'\/([3 +p2 (22 —1))* —4am28
2/ ;
a(p) = Vs —E,, B(p,z)=a*(p)—p°z®. (23)

sofl
P+ =

37



p/m

Spectator momentum regions

w
—T T

............................

Critical Region

Unphysical
Region

.........................

GW
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I Analytic continuation to 2 sheet & back

VS = T.6may, oy = 3.4m;,

Discontinuity: 2 times

1

fe'p) = == By — Ey — Epppr + ic

Imp/m,

the smooth transition between first sheet
( ) and second sheet (green).

Vs =T.6my, ¢ =3.4m,

—_— Rep/m;
f"_ —11.0

—
<

Im Cross Section

0.5 00 . . . .
10.0 —0.5¢ 1
1 _1.0} — |
2 s S
. é o . — BI
j 5 —2.0t \ -
RE 10 ~ st ) pn
f" _30} / ’
R T a—— -3.5L - : e '
0.0 0.5 1.0 15 2.0

Re p/m, along I 39



I Partial-wave decomposition

7 c Plane-wave basis N

Tva(p,q1) = (Bya(p,q1) +C) +

d31
\Z [ G B .0+ €) (o) Tros o)

/
1
B3y (q1,p) =2 / dadyy (2)Bax(q1.P)  Bip(qi,p) = ULAB;{A/(QMP)UA’L’}
N —1
/+ JLS basis: N\
T 1 (q1,p) = (Bip(q1,p) + Crr(qu,p)) +
A
Codll?
(27)32E, (B 1 (q1.1) + Cror(qr, ) 7(a ()T (1, p)

\0 Y,

40
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0

Analytic cont. 3-body o

[Sadasivan (2021)] &
[Doering (2009)]

Imolm

LL’ q1a BLL'(QI p)+CLL'(Q1 p))+
.l2
27T 32E @ e ql’ & CLL" q17 ‘e‘ TL”L’ l p

M

2 2 = % 5
/-kg ! 0,2 o(k) Z(k), (Bi (p,9) = P Sp=piplud B =)
(2m)3 2B} 0'2|0 —AE? + i€ ’ YR OV N W B

.

e Two contours (SMC and )
* Deform both “adiabatically” to go to complex s
» Setof rules:
« Contours cannot intersect with each others
« Contours cannot intersect with (3-body) cuts
« Passing singularities left or right determines sheet 41
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https://inspirehep.net/literature/1985644
https://inspirehep.net/literature/816278

I Analytic continuation 3-body (contd.)

* Three-body cuts
Vs—E,— By —Eypy +ie=0

Im(p) [ma]

Im(p) [m]

1.5

Vs =T7.6m, p=34m, p=35m;
1.0
p=25m;
0.5 f \
0.0F=== —_— =
|
—05 Sl \‘ "l
—10f |====- 5’2 \~.-”~~ 4
-1.5
-2 -1 0 1 -2-10 1 2 -1 0 2

« Complex branch points

]

2
.

Imo[m

Re(p) [ma]

Ve —

(5.0 —0.47) m,

GwW

Integration
limits at
poles
induce
branch
points

I
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GW
I Heatherington and Schick method

T(s,q.p) = B'(s,4,p) - / Y gt g, ) (o),
' ‘ o (2m)32E, o

+/ AT pit(s g 1)r(of l / UE_ Bis g Do) (5.1
T (27-‘-)3 2El $,q,L)T S y P FI 271' 32E1 S,q, T(O' )) S ’sp) 3

1.5

1.0}
0.5¢

Im Bf=0(0<¢"<P) Im B — 2d(s,q,q") 00l

Imp/m.

| |
—_ O
o

|
Yt
v

-2 -1 0 1 2
Rep/m;

_ P(q) P 2 5
fua =2 G5TE dunts.ad) o) (Fuls.a’) + Dilsd)
o (2m)32E, ' '

dl 12 IT—1 .
+ /1 2n) 28, (B 2 (s,q,0) + Crpn(s,q. 1)) To(a(l)) (FL(S,Z) + Dy (s, l))

B defined as smooth transition from 2" to

15t sheet for more compact notation .
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GW
I Production amplitude

[ =T¢+1P

v/

Pu(s,0) = B (@)72(0()) [Trr(s,0) + Dir(5,9)

\

2-body decay vertex,

in the 2-body cm Dr(s,p) = D¢r(s,p)Br(\p)

frame Fit to
- data

p .v.":_::_.::.,11;1:15.‘,1_2 Tc p ,G,‘.
. T + 0 T + ..... (more re-scattering terms
+ 3-body forces)
U ‘ — T
Disconnect Connecte

ed d 44



GWUQCD data

Culver, MM, Brett, Alexandru, Doring (2019) PRD

* More recent data is available
* very dense spectrum from elongated boxes

* Jdifferent pion masses (chiral extrapolations?)

@

5.0

< = \\\\
ey SN O T__ @— T =@ R == predictions from
----- —©- = @ MM)/Déring (2018)
N\

o e ® . | AN 4 lattice calculation
- O ,2’2pp (no flt) ~ 2
& & C=0 still works fine

~ &
M =315 MeV \\ :

3.57 T T T ¥ I T T T T 170 1 1 I 1 \:;__N;

M, =227 MeV
o N O —@—
3 . 0 —————— + A - t - —\:L — + =+ “+ -+ o ————— - t

Alu Eu Alu Blu Al'u, A2_q Blu B2u Eg Eu Alu Alu Alu A2 A2 A2
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GW

Plane-wave implementation of the C-term

 Step 1: JM-basis =2 Helicity basis
* Step 2: partial-wave basis 2 Plane-wave basis

 Step 3: C (and B, and 3B propagator) from plane-wave basis to
irreps by suitable rotations

92741

Axa(s,pp) = ) _ y D (bpr,0pr,0) ALy (5,0, 0) Dy (dps 0p, 0) Step 2
M=—J
AL\ (8,0, p) = Unier Apre(s, 0", p)Usx

S
S s

2041

Uy :=
A 2J + 1

(COIA|JA)(1AOO|1N)) = < ’ ) , Step 1

S-Sl



GwW

I 4 different fits to 2 energy eigenvalues

+ Fitted isobar-spectator interaction (case 1, 2) for p| < 27/L[(1,1,0)] ~ 2.69 m,

¢ 8'2 S p p Z Cg/g p p mil)i
1=—1
* a, can be generated as pole even though no built-in singularity

Non-zero coefficients No of fit
parameters

(no built-in pole)

COOO, Coo! (no built-in pole) 2 0.15
9o, 92, My, C 4 10_7
/ m2 ¢
u Coe(s,p'sp) = go <M> P ;;LQ g <M) + ¢ der0000

* In these cases, there is a built-in singularity, leading to resonance poles
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Three kaons at maximal isospin

[Alexandru 2020]

e First study of three kaons from lattice QCD with chiral
amplitudes

« Other groups have improved on this in the meantime:
* Max. isospin, non-identical masses ( 77t K+, T KT K™)
[Blanton 2021]

* Pions and kaons at maximal isospin with unprecedented accuracy
and no. of levels (7 Tntnt, KTKTK™) [Blanton 2021]

« Two mass-degenerate light quarks (u,d); valence strange quark
* nHYP-smeared clover action

» quark propagation is treated using the LapH method with
optimized inverters

* Lattice spacing determined from Wilson flow parameter wy,


https://inspirehep.net/literature/1976841
https://inspirehep.net/literature/1867963
https://inspirehep.net/literature/1819265

